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Abstract. Regular Lie groups are infinite dimensional Lie groups with the property 
that smooth curves in the Lie algebra integrate to smooth curves in the group in a 
smooth way (an 'evolution operator' exists). Up to now all known smooth Lie groups 
are regular. We show in this paper that regular Lie groups allow to push surprisingly 
far the geometry of principal bundles: parallel transport exists and flat connections 
integrate to horizontal foliations as in finite dimensions. As consequences we obtain 
that Lie algebra homomorphisms intergrate to Lie group homomorphisms, if the 
source group is simply connected and the image group is regular. 
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1. Introduction 

On the one hand the theory of infinite dimensional Lie groups and Lie algebras is 
very rich: Kac-Moody algebras and the Virasoro algebra have a rich and important 
theory of representations and many applications, and subgroups of diffeomorphism 
groups play an extremely important role in differential topology, differential geom- 
etry, and general relativity. On the other hand classical Lie theory carries over to 
them only in rare pieces: There are (even Banach) Lie algebras without Lie groups, 
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see [3] and [7], and the exponential mapping in general is not surjective onto any 
neighborhood of the identity. The most surprising result in this direction is [5], 
where it is shown that in the diffeomorphism group of any manifold of dimension 
at least 2 one can find a smooth curve of diffeomorphisms starting at the identity 
such that the points of this curve form a set of generators for a free subgroup of 
the diffeomorphism group which meets the image of the exponential mapping only 
in the identity. 

In view of these difficulties the theory of infinite dimensional Lie groups and Lie 
can be pushed surprisingly far: Exponential mappings are unique if they exist, and 
then one can give a formula for their derivatives, see [6] and 5.9 below. 

In [14] and [15] the notion of 'regular Frechet Lie group' was introduced in an 
attempt to find conditions which ensure the existence of exponential mappings: 
certain product integrals were required to converge. Their main result was that 
the invertible Fourier integral operators form a regular Frechet Lie group with the 
space of pseudo differential operators as Lie algebra, see [17], and also [1] for a more 
general group of Fourier integral operators, but without regularity. In [13] Milnor 
weakened this to the assumption that smooth curves in the Lie algebra integrate to 
smooth curves in the group in a smooth way (an 'evolution operator' exists) , and it 
is this notion which we take up in this paper, but for general Lie groups modelled 
on locally convex spaces, where we use the convenient calculus from [4]. Up to now 
nobody found a non-regular Lie group. 

We show in this paper that the use of regular Lie groups allows to push surpris- 
ingly far the geometry of principal bundles: parallel transport exists and flat connec- 
tions integrate to horizontal foliations as in finite dimensions. As consequences we 
obtain that Lie algebra homomorphisms intergrate to Lie group homomorphisms, 
if the source group is simply connected and the image group is regular. 

The actual development is quite involved. We start with general infinite dimen- 
sional Lie groups in section 3, but for a detailed study of the evolution operator of 
regular Lie groups (5.3) we need in 5.9 the Maurer-Cartan equation for right (or 
left) logarithmic derivatives (5.1) of mappings with values in the Lie group, and this 
we can get only by looking at principal connections. Thus section 4 treats principal 
bundles, connections, and curvature as far as we shall need them. We can then 
prove the strong existence results mentioned above and treat regular Lie groups in 
section 5, and principal bundles with regular structure groups in section 6. The 
last section 7 develops rudiments of Lie theory for regular Lie groups as sketched 
above. 

These results were obtained in a systematic study of properties of regular Lie 
groups for the book in preparation [11], where also many of the known Lie groups 
are treated and are shown to be regular. 

2. Calculus of smooth mappings 

The traditional differential calculus works well for finite dimensional vector 
spaces and for Banach spaces. For more general locally convex spaces a whole 
flock of different theories were developed, most of them rather complicated and not 
really convincing. The main difficulty is that the composition of linear mappings 
stops to be jointly continuous at the level of Banach spaces, for any compatible 
topology. 
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We shall use in this paper the calculus in infinite dimensions as developed in [4] . 

2.1. Convenient vector spaces. Let E be a locally convex vector space. A curve 
c : R — > E is called smooth or C°° if all derivatives exist and are continuous - this 
is a concept without problems. Let C°° (R, E) be the space of smooth functions. It 
can be shown that C°°(R, E) does not depend on the locally convex topology of E, 
but only on its associated homology (system of bounded sets). 

E is said to be a convenient vector space if one of the following equivalent con- 
ditions is satisfied (called c°°-completeness) : 

(1) For any c G C°°(R, E) the (Riemann-) integral J Q c(t)dt exists in E. 

(2) A curve c : R — > i? is smooth if and only if A o c is smooth for all A G 
where E' is the dual consisting of all continuous linear functionals on E. 

(3) Any Mackey-Cauchy- sequence (i.e. t nm (x n — x m ) — > for some t nm — > oo 
in R) converges in £7. This is visibly a weak completeness requirement. 

The final topology with respect to all smooth curves is called the c°°-topology 
on E, which then is denoted by c°°E. For Frechet spaces it coincides with the given 
locally convex topology, but on the space V of test functions with compact support 
on R it is strictly finer. 

2.2. Smooth mappings. Let E and F be locally convex vector spaces, and let 
U C E be c°°-open. A mapping / : U — > F is called smooth or C°°, if / o c G 
C°° (R, F) for all c G C°° (R, *7) . 

2.3. Results. TTie main properties of smooth calculus are the following. 

(1) For mappings on Frechet spaces this notion of smoothness coincides with 
all other reasonable definitions. Even on R 2 this is non-trivial, see [2] . 

(2) Multilinear mappings are smooth if and only if they are bounded. 

(3) If f : E D U — > F is smooth then the derivative df : U x E — > F is smooth, 
and also df : U — > L(i?, F) is smooth where L(E, F) denotes the space of 
all bounded linear mappings with the topology of uniform convergence on 
bounded subsets. 

(4) The chain rule holds. 

(5) The space C°°(U,F) is again a convenient vector space where the structure 
is given by the obvious injection 

C7°° (U,F)^ ff C7°° (R, F) -> Jl C7°° (R, R) . 

cec°°{m,u) cec°°(R,u) 

xeF' 

(6) The exponential law holds: 

C°°(U, C°°(V, G)) = C°°(U x V, G) 

is a linear diffeomeorphism of convenient vector spaces. Note that this is 
the main assumption of variational calculus. 

(7) A linear mapping /:£■—> C°°(V,G) is smooth (bounded) if and only if 

E — > C°°(V, G) G is smooth for each v G V. This is called the smooth 
uniform boundedness theorem and it is quite applicable. 
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2.4 Counterexamples in infinite dimensions against common beliefs on 
ordinary differential equations. Let E := she the Frechet space of rapidely de- 
creasing sequence (Note that by the theory of Fourier series we have s = C°°(S 1 1 R)) 
and consider the continuous linear operator T : E — > E given by T(xo, x±, X2, • • • ) := 
(0, l 2 xi, 2 2 ^2, 3 2 X3, . . . ). The ordinary linear differential equation x'(t) = T(x(t)) 
with constant coefficients has no solution in s for certain initial values. By recursion 
one sees that the general solution should be given by 



n 

*»(*) = E(#) 2 *i(o) 

i=0 



If the initial value is a finite sequence, say x n (0) = for n > N and xn(0) ^ 0, 
then 

2 _ t"- 1 



*»(*) = £(*) x ^r^iv 

i=0 ^ >' 



I \\2 N 

\ n -> + n-N fl\ 2 ~Jn\ (n-N)l ^N-i 



(n- 


N)\ 


(n\ 


to 


(n — 


N)\ 


(n\ 





/ j (n-i)! 
i=0 



N-l 



(N-l ^ 
IMo)l(^r) 3 -E (A) 2 1^(0)11^-' 



where the first factor does not lie in the space s of rapidly decreasing sequences 
and where the second factor is larger than e > for t small enough. So at least for 
a dense set of initial values this differential equation has no local solution. 

This shows also, that the theorem of Frobenius is wrong, in the following sense: 
The vector field x i— > T(x) generates a 1-dimensional subbundle E of the tangent 
bundle on the open subset s\0. It is involutive since it is 1-dimensional. But through 
points representing finite sequences there exist no local integral submanifolds (M 
with TM = E\M). Namely, if c were a smooth nonconstant curve with c'(t) = 
f(t).T(c(t)) for some smooth function /, then x(t) := c(h(t)) would satisfy x'(t) = 
T(x(t)), where h is a solution of h'(t) = l/f(h(t)). 

As next example consider E := M N and the continuous linear operator T : E — > E 
given by T(xo, xi, . . . ) := (xi, X2, ■ ■ ■ )• The corresponding differential equation 
has solutions for every initial value x(0), since the coordinates must satisfy the 
recusive relations Xk+i(t) = x' k (t) and hence any smooth functions xq : R — > R 

gives rise to a solution x(t) := (xQ k \t))k with initial value x(0) = (xQ k \o))k- So 
by Borel's theorem there exist solutions to this equation for any initial value and 
the difference of any two functions with same initial value is an arbitray infinite 
flat function. Thus the solutions are far from being unique. Note that M N is a 
topological direct summand in C°°(R,1R) via the projection / i— > (f(n)) n , and 
hence the same situation occurs in C°°(1R, M). 
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Let now E := C°°(R, R) and consider the continuous linear operator T : E — > 
E given by T(x) := x' . Let x : R — > C°°(R, R) be a solution of the equation 
x'(£) = T(x(t)). In terms of x : R 2 -> R this says ^x(t,s) = -§^x(t,s). Hence 
r i— > x(t — r, s + r) has vanishing derivative everywhere and so this function is 
constant, and in particular x(t)(s) = x(t, s) = x(0, s + t) = x(0)(s + t). Thus we 
have a smooth solution x uniquely determined by the initial value x(0) G C°°(R, R) 
which even describes a flow for the vector field T in the sense of 2.7 below. In general 
this solution is however not real- analytic, since for any x(0) G C°°(R, R), which is 
not real-analytic in a neighborhood of a point s the composite ev s ox = x(s+ ) is 
not real-analytic around 0. 

2.5. Manifolds. In the sequel we shall use smooth manifolds M modelled on 
c°°-open subsets of convenient vector spaces. See [10] for an account of this. Since 
we shall need it we also include some results on vector fields and their flows. 

2.6. Lemma. Consider vector fields X { G C°°(TM) and Y, G C°°(TN) for i = 
1,2, and a smooth mapping f : M — > N. If Xj and Yi are f -related for i = 1,2, 
i.e. Tf o Xi = Yi o f , then also [Xi, X 2 ] and [Y"i, Y 2 ] are f -related. 

Proof. We choose h G C°° (N, R) and we view each vector field as a derivation. 
This is possible if we either have smooth partitions of unity or if we pass to sheaves 
of smooth functions. The converse is wrong in general, see [10] and [11]. Then by 
assumption we have Tf o X s = YJ o /, thus: 

(Xi(h o /))(a;) = Xi(x)(h o /) = (T x f.Xi(x))(h) = 

= (Tf o Xi)(x)(h) = (Y % o f)(x)(h) = Yi(f(x))(h) = (UhMfix)), 

so Xi(h o /) = (Yi(h)) o /, and we may continue: 

[X u X 2 ](h o /) = X 1 (X 2 (h of))- X 2 {X x {h of)) = 
= X 1 {Y 2 {h)of)-X 2 {Y 1 {h)of) = 
= Y 1 (Y 2 (h)) o f - Y^h)) o f = [yi, Y 2 ](h) o f. 

But this means Tf o [X u X 2 ] = [Y u Y 2 ] of. □ 

In particular if / : M — > iV is a local diffeomorphism (so (T x /) _1 makes sense 
for each x G M), then for Y G C°°(TN) a vector field f*Y G C°°{TM) is defined 
by (f*Y)(x) = [T x f)- 1 .Y{f(x)). The linear mapping /* : C°°{TN) -> C°°(TM) 
is then a Lie algebra homomorphism. 

2.7. The flow of a vector field. Let X G C°°(TM) be a vector field. A local 

~X~ 

flow Fr for X is a smooth mapping Fr : M xRdU M defined on a c°°-open 
neighborhood U of M x such that 

(1) iFl?(x) = X(F)?(x)). 

(2) Flo" (a;) = x for all xeM. 

(3) U fl ({x} x R) is a connected open interval. 

(4) Fl^ s = Flf o Flf holds in the following sense. If the right hand side exists 
then also the left hand side exists and we have equality. Moreover: If Fl^ 
exists, then the existence of both sides is equivalent and they are equal. 
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2.8. Lemma. Let X G C°°(TM) be a vector field which admits a local flow Flf. 
Then each for integral curve c of X we have c(t) = Flf (c(0)), thus there exists a 
unique maximal flow. Furthermore X is F\ t -related to itself i.e. T(Fl t ) o X = 
XoFlf . 

Proof. We compute 

ft Fl X (-t, c(t)) = -£|.=_ t F\ x (s, c(t)) + f 8 \ 8=t F\ x (-t, c(s)) 
= -£|. =0 F\ X t F1*( S , c(t)) + T(F\ x t ).c'(t) 
= -T(Fl x t ).X(c(t)) + T(Fl x t ).X(c(t)) = 0, 

Thus Fl* t (c(t)) = c(0) is constant, so c(t) = Flf (c(0)). For the second assertion 
we have X o Flf = * Flf = £| F1* , = £| (Flf oFlf ) = T(Flf ) o £| Flf = 
T{F\f)oX. □ 

2.9. Lemma. Lei X G C°°(TM) and Y G C°°{TN) be f -related vector fields for 
a smooth mapping f : M — > N which have local flows Fl and Fl . Then we have 
f o Flf = Flf of , whenever both sides are defined. 

Moreover, if f is a diffeomorphism we have Flf Y = / _1 oFlf of in the following 
sense: If one side exists then also the other and they are equal. 

For / = Idu this again implies that if there exists a flow then there exists a 
unique maximal flow Fl t . 

Proof. We have Y o f = Tf o X and thus (using 2.7.3 and 2.8) for small t we get 

i(F\J of o Fl* ) = Y o Flf of o Fl* -T(Flf) o Tf o X o Fl* 

= T(Flf ) o Y o f o Fl* -T(Flf ) oTfoXo Fl* = 0. 

So (Flf of o Fl* )(x) = f{x) or /(Flf (x)) = Flf (/(*)) for small t. By the 
flow properties (2.7.4) we get the result by a connectedness argument as follows: 
In the common interval of definition we consider the closed subset J x := {t : 
/(Fl t (x)) = Fl t (f(x))}. This set is also open since for t G J x and small \s\ 
we have /(Fl* s (x)) = /(Flf (Flf (x))) = Flf (/(Flf (x))) = Flf (Flf (f(x))) = 

Fir +s (/(*))- □ 

2.10. The Lie derivative. We will meet situations (in 4.2) where we do not 
know that the flow of X exists but where we will be able to produce the following 
assumption: Suppose that ip : M> x M D U ^ M is a smooth mapping such 
that (t, x) i — y (t,f(t,x) = (ft{x)) is a diffeomorphism U — > V, where U and V 
are open neighborhoods of {0} x M in R x M, and such that </?o = Mm and 
&\ <Pt = Xe C°°(TM). Then again ||o(^)7 = &\of ° <p t = df o X = X(f). 

Lemma. In this situation we have for Y G C°°(TM), and for a k-form ui G 
Q k (M): 

&\o{<Pt)*Y = [X,Y], 

-§r\o((p t )*UJ = C X UJ 
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Proof. Let / G G°°(M, R) be a function and consider the mapping a(t, s) := 
Y((p(t, x))(f o ip s ) : which is locally defined near 0. It satisfies 

a(t,0) = Y(<p(t,x))(f), 
a(0,s) = Y(x)(fo< fs ), 

f«(0,0)= f \ Q Y{<p{t,x)){f)= & \ Q (Xf)(<p(t,x)) = X(x)(Yf), 
&a(0, 0) = f a \ Y(x)(f o <p a ) = Y{x)£\o{f ° ^) = 

So ^|oa(w, — u) = [X, Y] x (f). But on the other hand we have 

^\oa(u, -u) = J^\ Y(<p(u,x))(f o<p_ u ) = 
= &\o(T(<p- u )oYo<p u ) x (f) 

We may identify /c-forms on M with C°°(M, R) -multilinear mappings on vector 
fields (if smooth partitions of unity exist or if we pass to sheaves of vector fields). 
The converse is wrong in general, see [11]. For (local) vector fields Fj G C°°(TM) 
we have 

(ikvtN^i, • • • , Y k ) = ^loMfa-trYi, . . . , fa- t )*y fc ) o <p t ) 
k 

= E<i wloCv-t)*^, • • • , n) + f|o(^)*(^(yi, . . . , y p ) 

i=i 

fc 

= x(o;(y 1 ,... ,y fc ))-^o;(y 1 ,...,[x,y i ],...,y fe ) 

i=l 

= £xo;(yi,...,y fc ). 
This is the usual formula for the Lie derivative. □ 

3. Lie groups 

3.1. Definition. A Lie group G is a smooth manifold modelled on c°°-open subsets 
of a convenient vector space, and a group such that the multiplication \i : GxG — > G 
and the inversion v : G — > G are smooth. We shall use the following notation: 

/i : G x G — > G, multiplication, y) = x.y. 
Ha '■ G — > G, left translation, /j, a (x) = a.x. 
[i a : G — > G, right translation, n a (x) = x.a. 
f : G — > G, inversion, = x - . 
e G G, the unit element. 

3.2. Lemma. T7ie tangent mapping T^ ab ^ : T a G x T^G — > T^G is given fry 

T (atb)l i.(X a ,Y b ) = T a (/j b ).X a + T b (ij a ).Y b . 
and T a v : T a G — > T a -iG is given by 



T a v = 



-T e (/i a " 1 ).T a (^ a - 1 ) = 



-T c 0i a -i).T o 0i o_1 ). 
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Proof. Let ins a : G — > G x G, ins a (x) = (a,x) be the right insertion and let 
ins & : G — > G x G, ins 6 (x) = (x, 6) be the left insertion. Then we have 

T( aib )iJL.(Xa,Y b ) = T (a:b) /j.(T a (ms b ).X a +T b (ms a ).Y b ) = 

= T a (ii o ins b ).X a + T b (ji o ins a ).n = T a (^ b ).X a + T b (fi a ).Y b . 

Now we differentiate the equation /z(a, u(a)) = e; this gives in turn 

e = T( aja -i)/x.(X a ,r a i/.X a ) = T a (n a ).X a + T a -i(fj, a ).T a v.X a , 

T a V.X a = -TM^.Ta^'^.Xa = -Te^-O-TaC// " 1 ).^. □ 

3.3. Invariant vector fields and Lie algebras. Let G be a (real) Lie group. 
A vector field £ on G is called left invariant, if /j*£ = £ for all a G G, where 
A££ = T (/"a-0 °£ ° /"a- Since we have //*[£, 77] = [n* a £,, V* a v], the space X L (G) of 
all left invariant vector fields on G is closed under the Lie bracket, so it is a sub 
Lie algebra of X(G). Any left invariant vector field £ is uniquely determined by 
£(e) G T e G, since £(a) = T e (/i a ).£(e). Thus the Lie algebra £l(G) of left invariant 
vector fields is linearly isomorphic to T e G, and on T e G the Lie bracket on 3i L (G) 
induces a Lie algebra structure, whose bracket is again denoted by [ , ]. This 
Lie algebra will be denoted as usual by g, sometimes by Lie(G). 

We will also give a name to the isomorphism with the space of left invariant 
vector fields: L : g — > Xl(G), X \— > Lx, where Lj(a) = T e fi a .X. Thus [X, Y - ] = 
[^x,^](e). 

Similarly a vector field 77 on G is called rig/it invariant, if (/J a )*?? = 77 for all 
a G G. If £ is left invariant, then z/*£ is right invariant. The right invariant vector 
fields form a sub Lie algebra 3£r(G) of X(G), which is again linearly isomorphic 
to T e G and induces the negative of the Lie algebra structure on T e G. We will 
denote by R : g = T e G — > Xr(G) the isomorphism discussed, which is given by 
Rx{a) = T e {fj, a ).X. 

3.4. Lemma. If Lx is a left invariant vector field and Ry is a right invariant 
one, then [Lx,Ry] = 0. So if the flows of Lx and Ry exist, they commute. 

Proof. We consider the vector field x Lx G X(G x G), given by (0 x L x )(a, b) = 
(0 a ,L x (b)). Then T {ajb) fi.(0 a , L x (b)) = T a fi b .0 a + T bf i a .L x (b) = Lx(ab), so x Lx 
is /j-related to Lx- Likewise Ry xO is //-related to Ry. But then = [OxLx, RyxO] 
is //-related to [Lx, -Ry] by 2.6. Since /_t is surjective, [Lx, -Ry] = follows. □ 

3.5. Lemma. Let <p : G — > Lf 6e a smooth homomorphism of Lie groups. Then 
ip' := T e ip : g = T e G — > f) = T e Lf is a Lze algebra homomorphism. 

Proof. For IG J and x G G we have 

T x (p.L x {x) = T x ip.T e /j x .X = T e {ip o 

= T e (^ {x) o = T e (ii^ {x) ).T e tp.X = L^ ( x) (>(£)). 

So Lx is ^-related to L^x). By 2.6 the field [Lx,Ly] = L[x,y] is ^-related to 
[L^ ( x), ^'(y)] = L [ <p'(x), ip '(Y)]- So we have TV o L [x ,y] = L[ v '{x), v '{Y)} <P- If we 
evaluate this at e the result follows. □ 
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3.6. One parameter subgroups. Let G be a Lie group with Lie algebra g. A 
one parameter subgroup of G is a Lie group homomorphism a : (R, +) — > G, i.e. a 
smooth curve a in G with a(s + t) = a(s).a(t), and hence a(0) = e. 

Note that a smooth mapping /3 : (—£, e) — > G satisfying (3(t)f3(s) = j3{t + s) for 
|£|, |s|, |£ + s| < £ is the restriction of a one parameter subgroup. Namely, choose 
< t < e/2. Any t e R can be uniquely written as t = A^.t + £' for < £' < to 
and N <E Z. Put ct(t) = f3(to) N f3(t'). The required properties are easy to check. 

Lemma. Let a : R — > G 6e a smooth curve with a(0) = e. Let X e 0. Xnen t/ie 
following assertions are equivalent. 

(1) a is a one parameter subgroup with X — «(£). 

(2) ck(£) is an integral curve of the left invariant vector field Lx, and also an 
integral curve of the right invariant vector field Rx ■ 

(3) Fl Lx (t,x) := x.a(t) for Fl t Lx = // Q Wj is t/ie (unique by 2.9) global flow of 
Lx in the sense of 2.7. 

(4) F\ Rx (t,x) := a(t).x (or Flf x = fi a ( t )) is the (unique) global flow of Rx- 
Moreover each of these properties determines a uniquely. 

Proof. (1) =>- (3). We have j- t x.a(t) = £\ x.a(t + s) = £\ x.a(t).a(s) = 
^|o/"x.a(t)a(s) = T e (fj, x . a ^).£\ a(s) = L x {x.a(t)). Since it is obviously a flow, 
we have (3). 

(3) (4). We have F\f € = v~ x o Flf oz/ by 2.9. Therefore we have by 3.3 

(F]* x (x- 1 ))- 1 = (uoFl Rx ov)(x) = Flf Rx (x) 

= F\- Lx (x) = Flif (x) = x.a(-t). 

So Flf^aT 1 ) = a^.ar 1 , and Flf x (y) = a(t).y. 

(3) and (4) together clearly imply (2). 

(2) =>- (1). This is a consequence of the following result. 
Claim Consider two smooth curves a, f3 : R — > G with a(0) = e = /3(0) which 
satify the two differential equations 

£a(t) = L x (a(t)) 

= Rxwm 

Then a = (3 and it is a 1-parameter subgroup. 
We have a = (3 since 

i(a(t)(3(-t))=T^- t \L x (a(t))-T^ a(t) .R x ((3(-t)) 

= Tfl^.T^yX - T^yT^.X = 0. 

Next we calculate for fixed s 

f t (P(t - s)P(s)) = T^ 8 \R x (P(t - s)) = R x (P(t - s)P(s)). 

Hence by the first part of the proof (3(t — s)/3(s) = a(t) = (3(t). 

The statement about uniqueness follows from 2.9, or from the claim. □ 
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3.7. Definition. Let G be a Lie group with Lie algebra g. We say that G admits 
an exponential mapping if there exists a smooth mapping exp : g — > G such that 
t I— > exp(tX) is the (unique by 3.6) 1-parameter subgroup with tangent vector X 
at 0. Then we have by 3.6 

(1) Fl Lx (t,x) = x.exp(tX). 

(2) Fl flx (t,x) = exp(tX).x. 

(3) exp(0) = e and T exp = i"<i : T g = g — > T e G = g since T exp .X = 
|| exp(0 + i.X) = 1 1 F1 L - (*, e) = X. 

(4) Let </? : G — > H be a smooth homomorphism of between Lie groups admit- 
ting exponential mappings. Then the diagram 




commutes, since is a one parameter subgroup of H and 

^|oV?(exp G tX) = <p'(X), so ip(exp G tX) = ex.p H (t<p' (X)) . 

3.8. Remarks. [14], [15] gave conditions under which a smooth Lie group mod- 
elled on Frechet spaces admits exponential mappings. We shall elaborate on this 
notion in 5.3 below. They called this 'regular Frechet Lie groups'. We do not know 
of any smooth Frechet Lie group which does not admit an exponential mapping. 

If G admits an exponential mapping, it follows from 3.7.(3) that exp is a diffeo- 
morphism from a neighborhood of in g onto a neighborhood of e in G, if a suitable 
inverse function theorem is applicable. This is true for example for smooth Banach 
Lie groups, also for gauge groups, but it is wrong for diffeomorphism groups, see 
[5]- 

If E is a Banach space, then in the Banach Lie group GL(E) of all bounded 
linear automorphisms of E the exponential mapping is given by the von Neumann 
series exp(X) = J2Zo i xi - 

If G is connected with exponential mapping and U C g is open with e U, then 
one may ask whether the group generated by exp(U) equals G. Note that this is a 
normal subgroup. So if G is simple, the answer is yes. This is true for connected 
components of diffeomorphism groups and many of their important subgroups. 

Results on weakened versions of the Baker-Campbell-Hausdorff formula can be 
found in [19]. 

3.9. The adjoint representation. Let G be a Lie group with Lie algebra g. For 
a G G we define conj a : G — > G by conj a (x) = axa~ x . It is called the conjugation 
or the inner automorphism by a G G. This defines a smooth action of G on itself 
by automorphisms. 

The adjoint representation Ad : G — > GL(g) C L(g,g) is given by Ad(a) = 
(conj a )' = T e (conj a ) : g — * g for a G G. By 3.5 Ad(a) is a Lie algebra homomor- 
phism. By 3.2 we have Ad(a) = T e (conj a ) = T a (^ a ).T e (/j a ) = T a -i (^ a ).T e (^ a ). 

Finally we define the (lower case) adjoint representation of the Lie algebra g, 
ad : g -> gl(g) := L(g, g), by ad := Ad' = T e Ad. 
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We shall also use the right Maurer-Cartan form K r G g), given by K r = 

T g (ji 9 1 ) : T g G — > g; similarly the left Maurer-Cartan form k 1 G g) is given 

by K l g = T g (jji g -i):T g G^a- 
Lemma. 

(1) L x (a) = RAd(a)x(a) for X e $ and aeG. 

(2) ad(X) Y = [X, Y] /or I,Fe . 

(3) a!Ad= (adoK r ).Ad = Ad. (ad ok 1 ) :TG^L(g, ). 

Proo/. (1). L x (a) = T e (/v)Jf = T e (^).T e (^ _1 o ^Jf = # Ad(a)x (a). 

(2). We need some preparations. Let V be a convenient vector space. For 
/ G C°°(G, Y) we define the left trivialized derivative DJ G C°°(G, L(g, V)) by 

(4) D t f(x).X := df(x).Tfi x .X = (L x f)(x). 
For / G C°°(G, R) and g G C 00 (G', V) we have 

(5) Di(f.g)(x).X = d(f.g)(T e ^ x .X) 

= df(T e /j, x .X).g(x) + f(x).dg(T e fj, x .X) 
= (f.D l g + D l f®g)(x).X. 

From the fomula 

AA/(x)(x)(y) = ).y)(x).x 

= D l (L Y f)(x).X = L x L Y f(x). 

follows 

(6) D,D,/(x)(X)(y) - AA/(x)(y)(X) = L [x , y] /(x) = Y]. 

We consider now the linear isomorphism L : C 00 (G, q) — > given by Lf(x) = 

T ef i x .f(x) for / G C°°(G, g). If ft G C°°(G, V) we get = Dth(x).f(x). For 

/,<7 G C°°(G, 0) and h G C°°(G, R) we get in turn, using (5), generalized to the 
bilinear pairing L(q, R) x — > R, 

(L f L g h)(x) = D l (D l h( ).g( ))(x).f(x) 

= AA/i(^)(/(x))(o(x)) + D l h{x).D l g{x).f{x) 

- Dfh(x).(g(x), /Or)) - D l h(x).D l f(x).g(x) 
= D l h(x).{[f(x),g(x)] g + D l9 (x).f(x) - £>,/(*).</(*)) 

(7) [L f , L g ] = L([/, g] g + D ig .f - Dtf.g) 

Now we are able to prove the second assertion of the lemma. For X, Y G we will 
apply (7) to f(x) = X and g(x) = Ad(;r _1 ).Y. We have L g = R Y by (1), and 
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[L f ,L g ] = [L x ,P y ] =0by 3.4. So 

= [L x ,R Y ](x) = [L f ,L g ](x) 

= L([X, (Ad o u)Y] g + A ((Ad o v ){ ).X).Y - 0)(x) 
[X,Y] = [X,Ad(e)Y] = -A((Adoz/)( ).X)(e).y 
= d(Ad( ).X)(e).y = ad(X)Y. 

(3). Let I,Y G g and g <E G and let c : M. — > G be a smooth curve with c(0) = e 
and c'(0) = X. Then we have 

(dAd(i2x(^))).y = §-M&{c{t).g).Y = f | Ad(c(t)).Ad(^).y 

= ad(X)Ad(^)y = (ad o K r )(R x (g)).Ad(g).Y, 

and similarly for the second formula. □ 

3.10. Let r : M x G ^ M be a right action, so f : G — > Diff(M) is a group anti 
homomorphism. We will use the following notation: r a : M M and r x : G — > M, 
given by r x (a) = r a (x) = r(x, a) = x.a. 

For any X G g we define the fundamental vector field (x = Cx e 3£(M) by 
( x {x) = T e {r x ).X = T (x , e) r.{O x ,X). 

Lemma. In this situation the following assertions hold: 

(1) ( : g — > X(M) is a Lie algebra homomorphism. 

(2) T x (r a ).Cx(x) = a d (a-i)x(^a)- 

(3) M x L x G X(M x G) is r -related to ( x e X(M). □ 

4. Bundles and connections 

4.1. Definition. A principal (fiber) bundle (P, p, M, G) is a smooth mapping 
p : P — > M such that there exist an open cover (t/ Q ) of M and fiber respecting diffeo- 
morphisms ip a : P\U a :=p _1 (t/" Q ) ^ U a x G with (<^ Q o^" 1 )^,^) = (x,ip a p(x).g) 
for a smooth cocycle of transition functions (<f a /3 '■ U^p := U a fl Up — > G). This is 
called a principal bundle atlas. 

Each principal bundle admits a unique right action r : P x G — > P, called 
the principal right action, given by <p a (r(<p~ 1 (a;, a), #)) = (x,ag). Since left and 
right translation on G commute, this is well defined. We write r(u,g) = u.g 
when the meaning is clear. The principal right action is visibly free and for any 
u x € P x the partial mapping r Ux = r{u x , ) : G — > P x is a diffeomorphism 
onto the fiber through it x , whose inverse is denoted by r Ux : P x — > G. These 
inverses together give a smooth mapping t : P x M P ^ G, whose local expres- 
sion is r((p~ (x,a),cp~ (x,b)) = a -1 . 6. This mapping is uniquely determined by 
the implicit equation r(u x ,r(u x ,v x )) = v x , thus we also have T(u x .g,u' x .g') = 
g~ l .r(u x , u' x ).g' and r(u x , u x ) = e. 

4.2. Principal connections. Let (P,p, M, G) be a principal fiber bundle. Let 
VP := (Tp) _1 (0m) — ► P be the vertical bundle. A (general) connection on P 
is a smooth fiber projection $ : TP — > VP, viewed as a 1-form in fi 1 (P; VP) C 
1 (P;TP), which is called a principal connection if it is G-equivariant for the 
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principal right action r : P x G — > P, so that T(r 9 ).$ = Q.T{r 9 ) and $ is r s - 
related to itself, or (r 9 )*§ = $, for all g e G. Then the kernel of $ is called the 
horizontal subbundle, a splitting vector subbundle of TP — > P complementary to 
VP. 

The vertical bundle of P is trivialized as a vector bundle over P by the principal 
action. So cu(X u ) := T e (r u ) _1 .$(A A u ) G g is well defined, and in this way we get a 
g- valued 1-form u G Q 1 (P;q), which is called the (Lie algebra valued) connection 
form of the connection $. Recall from 3.10. the fundamental vector field mapping 
C : g — > X(P) for the principal right action, which trivializes the vertical bundle 
P x g = VP. The defining equation for cj can be written also as = Cw(x u ) 

Lemma, if $ G 1 (P; VP) is a principal connection on the principal fiber bundle 
(P,p, M, G) then the connection form has the following two properties: 

(1) u reproduces the generators of fundamental vector fields, so that we have 
u(Cx(u)) = X for all X G g. 

(2) u is G-equivariant, i.e. ((r 9 )*u)(X u ) := u(T u (r 9 ).X u ) = Ad(^" 1 ).w(A A M ) 
for all g G G and X u G T U P. 

(3) For the Lie derivative we have C^ x u = — a,d(X).iv. 

Conversely a 1-form uj G 1 (P, g) satisfying (1) defines a connection $ on P by 
$(X U ) = T e (r u ).ui(X u ) , which is a principal connection if and only if (2) is satis- 
fied. 

Proof. (1). T e (r u ).u(( x (u)) = *(Cx(u)) = (x(u) = T e (r u ).X. Since T e (r u ) : g - 
V U P is an isomorphism, the result follows. 
(2). Both directions follow from 

T e (r ug ).u(T u (r 9 ).X u ) = C(t„(^).x„) (ug) = $(T u (r 9 ).X u ) 
T e {r ug ).A.d{g- 1 ).u{X u ) = ( A d( 9 -i)Mx u )(ug) = T u (r 9 ).( u(Xu) (u) 

= T u (r°)MX u ). 

(3). Let g(t) be a smooth curve in G with 0(0) = e and ^\ g(t) = X. Then 
(f t := r 9 ^ is a smooth curve of diffeomorphisms on P with J^lo^t = (x, and by 
lemma 2.10 we have 

C Cx u = £| (r»«)*u, = §- t |oM^(*) _1 V = -ad(X)u>. □ 

4.3. Curvature. Let $ be a principal connection on the principal fiber bundle 
(P,p, M, G) with connection form uj G 1 (P; g). 

Let us now define the curvature as the obstruction against integrability of the hor- 
izontal subbundle, i.e. H(X, Y) := $[X - $X, Y - $Y] for vector fields X, Y on P. 
One can check easily that 1Z is a skew-symmetric bilinear C°°(P, M)-module homo- 
morphism, and that (r 9 " 1 )* .TZ(X, Y) = 7Z((r 9 )*X, (r 9 )*Y) holds, i.e. {r 9 )*K = K 
for all g G G. Since 1Z has vertical values we may again define a g-valued 2-form 
by Q(X,Y)(u) := — T e (r u ) .1Z(X, Y)(u), which is called the (Lie algebra-valued) 
curvature form of the connection. We also have TZ(X, Y)(u) = —(q(x,y)(u)( u )- We 
take the negative sign here to get in finite dimensions the usual curvature form as 
in [8]. 
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We equip the space fi(P;g) of all g-valued forms on P in a canonical way with 
the structure of a graded Lie algebra by 

[y,o] A (x 1 ,...,x p+q ) = 

= H~T5^ Sign(7 [®( X <t1t-- , X <J P ),Q( X a(p+l),--- , X a(p+q))]g 
p. Q. ^ 

or equivalently by [ip®X, 6®Y] A := ip A6>(g> [X, Y] g . From the latter description it is 
clear that d[tf, 0] A = [dtf, 6] A + (-l) de s*[#, d0] A . In particular for cj G g) 
we have [w, u] A (X, Y) = 2[u(X),u(Y)] a . 

Theorem. The curvature form O of a principal connection with connection form 
to has the following properties: 

(1) O is horizontal, i.e. it kills vertical vector fields. 

(2) The Maurer-Cartan formula holds: O = dui + |[u;,u;] A G Q 2 (P;g). 

(3) Q is G-equivariant in the following sense: (r s )*fi = Ad(g~ 1 ).fl. Conse- 
quently C^ X Q = —B,d(X).Q. 

Proof. (1) is true for TZ by definition. For (2) we show that the formula holds if 
at least one vector field is vertical, or if both are horizontal. For X G g we have 
iq x TI = by (1), and using 4.2. ((1) and (3)) we get 

1 11 

i( x (du+ -[u,w] A ) = i Cx du + -{i Cx u,u] A - -[u,i Cx u] A = 

= C Cx uj + [X, u] A = -ad(X)u + ad(X)u = 0. 

So the formula holds for vertical vectors, and for horizontal vector fields X, Y we 
have 

TZ(X, Y) = $[X-$X,Y- $Y] = $[X, Y] = C([x,r]) 
(du + -[oj, uj])(X, Y) = Xoj(Y) - Yoj(X) - u([X, Y}) + = -oj([X, Y]). 

That Q is really a 'tensorial' 2-form follows either from (2) or from 4.4.(4) below. □ 

4.4. Local descriptions of principal connections. We consider a principal 
fiber bundle (P, p, M, G) with some principal fiber bundle atlas (U a ,<p a : P\U a — > 
U a x G) and corresponding cocycle (<f a /3 : U a p — > G) of transition functions. Let 
$ = (olv g 1 (-P; VP) be a principal connection with connection form to G fi 1 (-P; g). 

We consider the sections s a G C°° (P\U a ) which are given by <fi a ( s a( x )) = (x, e) 
and satisfy s a .(p a p = sp. Then we may associate to the connection the collection 
of the u a := s a *uj G 1 (L r a ; g), the physicists version of the connection. 

Lemma. These local data have the following properties and are related by the fol- 
lowing formulas. 

(1) The forms uj a G 1 (L r a ; g) satisfy the transition formulas 
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where k 1 E g) is the left Maurer-Cartan form from 3.9. 

(2) The local expression of uj is given by 

(y?- 1 )*^*, Tfig.X) = O^ 1 )*^, Og) + X = Ad^- 1 V Q (C) + X. 

(3) The local expression of $ is given by 

(( lfa )- 1 r^ x , Vg ) = T e (^).oj a ^ x ) + Vg = K aiU (g) + v 9 

for £ x G T x U a and ?] g E T g G. 

(4) The local expression of the curvature 1Z is given by 

({^)- 1 yn = -R i 

so that 1Z and O are indeed Sensorial' 2-forms. 

Proof. For (1) to (3) plug into the definitions. For (4) note that the right trivializa- 
tion or framing (/t r , tvq) '■ TG -^gxG induces the isomorphism R : C 00 (G, g) — > 
given by Rx{%) = T e (/j, x ).X(x). For the Lie bracket we then have 

[RxjRy] = R-{X,Y] B +dY.R x -dX.R Y i 

R-^Rx^Ry] = -[X, Y] s +Rx(Y)-R Y (X). 

We write a vector field on U a x G as (£, Rx) where £ : G — > £({7 Q ) and X G 
C°°(U a x G 7 , g). Then the local expression of the curvature is given by 

O^- 1 )*^, R x ), (77, = (^- 1 )*(^((^ Q )*(e, Rx), (<Pa)*(v, Ry))) 

= Rx) - <%«)*(£, i?x), • • •]) 

= (^rm^nt r x ) - o^n^) +r x ),...]) 

= (^- 1 )*($(^a)*[(e, -i2u, a (€)), fa. -*-„(„))]) 

= ((^a 1 )^)([e^3x( [ 7 a )-^ a (o(^) + ^ a (,)(e), 

- £(Ru a ( V )) + V(Ru, a (0) + i2 -[«a(€),Wa(»/)]+ilu, a («(Wa(»?))-ilu, a (0(«a(»?))) 

= ^(Kfl]i(^)-^K)(i)+fl-«wK)) ~~ + R vMO) 

+ R-[oj a (0,oJ a (»?)]+flu, a (€) («. (»7))--R« a (?) («a fa)) 
_ ^> |— I 

(dw Q + 2 [wa,w a ]£)(£,r?)' 

5. Regular Lie groups 

5.1. The right and left logarithmic derivatives. Let M be a manifold and 
let / : M — > G be a smooth mapping into a Lie group G with Lie algebra g. We 
define the mapping S r f : TM — > g by the formula 

57 := T nx) (tfW).T x n x for £ x G T X M. 

Then <T/ is a g-valued 1-form on M, 5 r f E ft^Mjg). We call 6 r f the ro#M 
logarithmic derivative of /, since for / : R — > (R + , ■) we have 5 r f(x).l = y^y = 
(logo/)'(x). 

Similarly the Ze/t logarithmic derivative 5 l f E 1 (M, g) of a smooth mapping 
/ : M — > G is given by 

5 /.£z = Tf( x ^(pf( x yi).T x f4 x . 
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Lemma. Let f,g:M-^G be smooth. Then the Leibniz rule holds: 

8 r (f.g)(x) = S r f(x) + Ad(f(x)).S r g(x). 

Moreover the differential form S r f G 1 (M;g) satifies the 'left Maurer-Cartan 
equation' (left because it stems from the left action of G on itself) 

d5 r f(Z, V )-[5 r f(O,S r f(v)] s = 0, 
or d5 r f-±[5 r f,5 r f]% = 0, 

where £, rj G T X M , and where for ip G O p (M; g), ip G O g (M; g) one puts 

[<P, V'IaC&j • • • > £p+<?) := Si S n ( a ) fo>(&l, • • • ), VV(p+l), • • • 

For the left logarithmic derivative the corresponding Leibniz rule is uglier, and it 
satisfies the 'right Maurer Cartan equation': 

S l (fg)(x) = S l g(x) + Ad^x)- 1 ^ 1 f{x), 
dd l f + ±[5 l f,5 l f]i = 0. 

For 'regular Lie groups' we will prove a converse to this statement later in 7.2. 

Proof We treat only the right logarithmic derivative, the proof for the left one is 
similar. 

8 r (f.g)(x) = T(^- 1 ^- 1 ).T x (f.g) 

= T(^^" 1 ).T(^").T (/(x) , g(x)) ^.(T x /,T^) 

= t(^)" 1 ).t(^)" 1 ).(t(^)).t :s / + t( / . /(;c) ).t^) 

= 6 r f(x)+Ad(f(x)).8 r g(x). 

We shall use now principal bundle geometry from section 3. We consider the 
trivial principal bundle pri : M x G — > M with right principal action. Then 
the submanifolds {(x, f(x).g) : x G M} for g G G form a foliation of M x G 
whose tangent distribution is complementary to the vertical bundle M x TG C 
T(M x G) and is invariant under the principal right G-action. So it is the horizontal 
distribution of a principal connection onMxG^G. For a tangent vector (£ x , Y g ) G 
T X M x T S G the horizontal part is the right translate to the foot point (x, g) of 
(£ x , T x f.£ x ), so the decomposition in horizontal and vertical parts according to this 
distribution is 

(tx,Y g ) = (&,T(^-T(/i /(x)_1 ).T*/-&) + Qx,Y g -T(^).T(^) _1 ).T x /.e K ). 
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Since the fundamental vector fields for the right action on G are the left invariant 
vector fields, the corresponding connection form is given by 

^fe,y 9 ) = T( / . 3 - 1 ).(y,-T(^).T(^)" 1 ).T x /.e,), 

^ ) =T(^- 1 )-Ad(^- 1 ).57„ 

(1) u r = k 1 -(Ado v).5 r f, 

where k : TG — > g is the left Maurer-Cartan form on G (the left trivialization) , 
given by k 1 = T( / u ff -i). Note that k 1 is the principal connection form for the 
(unique) principal connection p : G — > point with right principal action, which is 
flat so that the right (from right action) Maurer-Cartan equation equation holds in 
the form 

(2) dK l +±[K l ,K l ] A =0. 

The principal connection u r is flat since we got it via the horizontal leaves, so 
the principal connection form vanishes: 

(3) = dw r + |[a/> r ] A 

= dK l + \[k\ k 1 ] a - d(Ad o v) A 8 r f - (Ad o u).dd r f 

- [k\ (Ad o u).S r f] A + i[(Ad o u).S r f, (Ad o v).5 r f] A 
= -(Adov).(d5 r f-±[d r f,d r fU), 

where we used (2) and since for $, E g and a smooth curve c : R — > G with c(0) = e 
and c'(0) = £ we have: 

d(Adoi/)(T(^)0 = I^Ad^)" 1 .^- 1 ) = -adCOAdG/" 1 ) 
= -ad(^(T(^)£))(Adoz,)(^), 

(4) d(Adov) = -(adoK Z ).(Adoi/). 

So we have c&> r / — ^[5 r /, 5 f /]a as asserted. 

For the left logarithmic derivative 5 Z / the proof is similar, and we discuss only the 
essential deviations. First note that on the trivial principal bundle pri : MxG — > M 
with left principal action of G the fundamental vector fields are the right invariant 
vector fields on G, and that for a principal connection form u l the curvature form 
is given by dw l — ^[uj\uj 1 ] a . Look at the proof of theorem 4.3 to see this. The 
connection form is then given by 

(1') J = K r - Ad.S l f, 

where the right Maurer-Cartan form (K r ) g = T(p> 9 ) : T g G — > g now satifies the 
left Maurer-Cartan equation 



(2') 



d« r -i[« p ,« r ] A = o. 
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Flatness of u now leads to the computation 

(3') = dw l 

= dn r - §[« r , K r ] A - dAd A 6 l f - Ad.d8 l f 

+ {K\Ad.5 l f] A -±[Ad.5 l f,Ad.5 l f] A 
= -Ad.(d5 l f+±[5 l f 1 5 l fU), 

where we used dAd = (ad o K r )Ad from 3.9.(3) directly. □ 

5.2. Let G be a Lie group with Lie algebra g. For a closed interval / C 1R and for 
X G C°°(J, g) we consider the ordinary differential equation 

(1) i g(t0) = 6 

I &9(t) = T e {^))X{t) = R X (t)(9m or «'(&</(*)) = X(t), 

for local smooth curves g in G, where to £ I- 
Lemma. 

(2) Local solution curves g of the differential equation (1) are uniquely deter- 
mined. 

(3) If for fixed X the differential equation (1) has a local solution near each 
to G /, then it has also a global solution g G C°°(I,G). 

(4) If for all X G C°°(I, g) the differential equation (1) has a local solution near 
one fixed to G /, then it has also a global solution g G C°°(I,G) for each 
X . Moreover, if the local solutions near to depend smoothly on the vector 
fields X (see the proof for the exact formulation), then so does the global 
solution. 

(5) The curve t \— > git) -1 is the unique local smooth curve h in G which satifies 
f h(t ) = e 

I mKt) = T e (p m )(-X(t)) = L_ x{t) (h(t)), or K l {f t h{t)) = -X(t). 



Proof. (2). Suppose that g(t) and gi(t) both satisfy (1). Then on the intersection 
of their intervals of definition we have 

& {git)' 1 9i(t)) = -T0*» 1 W).T( / * ff(t) -i).T( / *»W- 1 ).T0*fW).X(t) 
+ T( fJjg(t) - 1 ).T(^).X(t) = 0, 

so that g = gi- 
ft). It suffices to prove the claim for every compact subintervall of /, so let / 
be compact. If g is a local solution of (1) then t i— > g(t).x is a local solution of the 
same differential equation with initial value x. By assumption for each s G / there 
is a unique solution g s of the differential equation with g s (s) = e; so there exists 
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5 S > such that g s (s + t) is defined for \t\ < S s . Since I is compact there exist 
so < si < • • • < Sk such that I = [sq, Sk] and Sj+i — Sj < <5 Si . Then we put 



9(t) :- 



9s (t) 

g Sl (t)-g So (si) 



for so < t < si 
for si < t < S2 



gsM-Qsi-Asi) . ..g 8o (si) for Si < t < s t+1 



which is smooth by the first case and solves the problem. 

(4). Given X : I — > g we first extend X to a smooth curve R — > g, using the 
formula of [18]. For £i e /, by assumption there exists a local solution # near to of 
the translated vector field 1 1— > X{t\ — to + £), thus t i— > ^(to — £i + t) is a solution 
near t\ of X. So by assertion (3) the differential equation has a global solution for 
X on I. 

Now we assume that the local solutions near to depend smoothly in the vector 
field: So for any smooth curve X : R — > C°°(J, g) we have: 

For each compact intervall K C R there is a neighborhood Ux,k of to 
in / and a smooth mapping g : K x Ux,k —> G with 

f g(Mo) = e 

I jf t g{k,t) = T e (^(k,t)). X (k)(t) for all fcG K,teU x ,K- 



Given a smooth curve X : R — > C°°(I, g) we extend (or lift) it smoothly to X : 
R — > C°°(R, fl) by using the formula of [18]. Then the smooth parameter k from 
the compact intervall K passes smoothly through the proofs given above to give a 
smooth global solution g : K x / — > G. So the 'solving operation' respects smooth 
curves and thus is 'smooth'. 

(5). One can show in a similar way that h is the unique solution of (5) by 
differentiating Moreover the curve t i— > git) -1 = h(t) satisfies (5), 

since 

jkW)- 1 ) = -T(^ (t) -i).T( / ifW- 1 ).TO**W).X(t) = T0* ff(t) -i).(-Jr(f)). □ 

5.3. Definition. Regular Lie groups. If for each X £ C°°(R, g) there exists 
g e C°°(R,G) satisfying 

f </(0) = e 

(1) ^ f </(*) = T e (/i»(*>)X(f) = R x(t) (gm 

{ orK r {-§- t g{t)) = 8 r g{d t )=X{t). 

then we write 



evol^(X)=evol G (X) := g(l), 
Evo\ r G {X){t) := evol G (s i-> tX(ts)) = #(£), 
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and call it the right evolution of the curve X in G. By lemma 5.2 the solution of 
the differential equation (1) is unique, and for global existence it is sufficient that 
it has a local solution. Then 

Evol^ : C°°(R, ) - {g E C°°(R,G) : g(0) = e} 

is bijective with inverse the right logarithmic derivative 5 r . 

The Lie group G is called a regular Lie group if evol r : C°°(R, g) — > G exists and 
is smooth. 

We also write 

evo\ l G (X) = evol G (X) := h(l), 
Evo\ l G (X)(t) := evo\ l G (s h-> tX(ts)) = h(t), 

if h is the (unique) solution of 

(h(0) = e 
f t h{t)=T e {^ m ){X{t)) = L x{t) {h{t)\ 
or K l { f t h{t))=5 l h{d t )=X{t). 

Clearly evol' : C°° (R, £)) — > G exists and is also smooth if evol r does, since we have 
evol'(X) = evor(-X)- 1 by lemma 5.2. 

Let us collect some easily seen properties of the evolution mappings. If / e 
C°°(M, R), then we have 

Evol r (X)(f(t)) = EvoV(f'.(X o /))(t).Evof(X)(/(0)), 
Evo\ l (X)(f(t)) = Evol z (X)(/(0)).Evol'(/'.(X o /))(*). 

If ip : G — > H is a smooth homomorphism between regular Lie groups then the 
diagram , 

C°°(R, ) ) C°°(R,[)) 



evolc 



evol 



G ^ >H 

commutes, since &(p(g(t)) = T<p.T{^).X{t) = T{^W).<p' .X{t). 

Note that each regular Lie group admits an exponential mapping, namely the 
restriction of evol r to the constant curves R — > g. A Lie group is regular if and only 
if its universal covering group is regular. 

This notion of regularity is a weakening of the same notion of [14], [15], who 
considered a sort of product integration property on a smooth Lie group modelled 
on Frechet spaces. Our notion here is due to [13]. Up to now the following statement 
holds: 

All known Lie groups are regular. 
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Any Banach Lie group is regular since we may consider the time dependent right 
invariant vector field Rx(t) on G and its integral curve g(t) starting at e, which 
exists and depends smoothly on (a further parameter in) X. In particular finite 
dimensional Lie groups are regular. 

For diffeomorphism groups the evolution operator is just integration of time 
dependent vector fields with compact support. 

5.4. Some abelian regular Lie groups. For (E,+), where E is a convenient 
vector space, we have evol(X) = f Q X(t)dt, so convenient vector spaces are regular 
abelian Lie groups. We shall need 'discrete' subgroups, which is not an obvious 
notion since (E, +) is not a topological group: the addition is continuous only 
c°°(E x E) — ■> c°°E, and not for the cartesian product of the c°°-topologies. 

Next let Z be a 'discrete' subgroup of a convenient vector space E in the sense 
that there exists a c°°-open neighborhood U of zero in E such that U (~)(z + U) = 
for all ^ z E Z (equivalently (U - U) n (Z\0) = 0). For that it suffices e.g. that Z 
is discrete in the bor no logical topology on E. Then E/Z is an abelian but possibly 
non Hausdorff Lie group. It does not suffice to take Z discrete in the c°°-topology: 
Take as Z the subgroup generated by A in ]R Nxc ° in the proof of [4], 6.2.8.(iv). 

Let us assume that Z fulfills the stronger condition: there exists a symmetric c°°- 
open neighborhood W of such that ( W + W) n (z + W + W) = for all ^ z e Z 
(equivalently (W + W + W + W) n (Z \ 0) = 0). Then E jZ is Hausdorff and thus an 
abelian regular Lie group, since its universal cover E is regular. Namely, for x Z, 
we have to find neighborhoods U and V of such that [Z + U) D (x + Z + V) =0. 
There are two cases. If a; G Z + W + W then there is a unique z £ Z with 
x e z + W + W and we may choose U, V C W such that (z + U) n (x + V) = 0; 
then (Z + U) n (x + Z + V) = 0. In the other case, if x Z + W + W, then we 
have (Z + W) n (x + Z + W) = 0. 

Notice that the two conditions above and their consequences also hold for gen- 
eral (non-abelian) (regular) Lie groups instead of E, and their 'discrete' normal 
subgroups (which turn out to be central if G is connected). 

It would be nice if any regular abelian Lie group would be of the form E/Z 
described above. A first result in this direction is that for an abelian Lie group G 
with Lie algebra q which admits a smooth exponential mapping exp : q — > G one 
can check easily by using 5.10 that J^(exp(— tX). exp(tX + Y)) = so that exp is 
a smooth homomorphism of Lie groups. 

Let us consider some examples. For the first one we consider a discrete subgroup 
ZcR N . There exists a neighborhood of 0, without loss of the form U x M N \ n for 
U C M n , with U fl (Z \ 0) = 0. Then we consider the following diagram of Lie group 
homomorphisms 

► M N \ n ► M N \ n 



Z >M N >R N /Z = (SYxR 1 ^"^ 



tt(Z) >R n >R n /n(Z) = (S^xf 
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which has exact lines and columns. For the right hand column we use a diagram 
chase to see this. Choose a global linear section of it inverting tt\Z. This factors to 
a global homomorphism of the right hand side column. 

As next example we consider Z< N > C M (N) . Then obviously MW/Z W = OS 1 )*, 
which is a smooth (even real analytic, see [10]) manifold modeled on IR( N ). The 
reader may convince himself that the general Lie group covered by M^ N ^ is isomor- 
phic to (S 1 )^ x for ACN. 

As another example one may check easily that £°° / (Z N n £°°) = (S' 1 ) N , equipped 
with the 'uniform box topology'. 

5.5. Extensions of Lie groups. Let H and K be Lie groups. A Lie group G is 
called an smooth extension of H with kernel K if we have a short exact sequence 
of groups 

(1) {e}^K^G^H-,{e}, 

such that % and p are smooth and one of the following two equivalent conditions is 
satified: 

(2) p admits a local smooth section s near e (equivalently near any point), and 
i is initial (i.e. any / into K is smooth if and only if i o f is smooth). 

(3) i admits a local smooth retraction r near e (equivalently near any point), 
and p is final (i.e. / from H is smooth if and only if / o p is smooth). 

Of course by s(p(x))i(r(x)) = x the two conditions are equivalent, and then G is 
locally diffeomorphic to K x H via (r,p) with local inverse (i o pr x ).(s o pr 2 ). 

Not every smooth exact sequence of Lie groups admits local sections as required 
in (2). Let for example K be a closed linear subspace in a convenient vector space 
G which is not a direct summand, and let H be G/K. Then the tangent mapping 
at of a local smooth splitting would make K a direct summand. 

Theorem. Let {e} — > K A- G — > H — > {e} be a smooth extension of Lie groups. 
Then G is regular if and only if both K and H are regular. 

Proof. Clearly the induced sequence of Lie algebras is also exact, 

with a bounded linear section T e s of p', so g is isomorphic to fi x h as convenient 
vector space. 

Let us suppose that K and H are regular. Given X e C°° (M, g) , we consider 
Y(t) := p'(X(t)) E f) with evolution curve h satisfying ^h(t) = T(ij h ^).Y(t) 
and h(0) = e. By lemma 5.2 it suffices to find smooth local solutions g near 
of §ig{t) = T(p> 9 ^).X{t) with g(0) = e, depending smoothly on X. We look for 
solutions of the form g(t) = s(h(t)).i(k(t)), where k is a local evolution curve in K 
of a suitable curve t i-> Z(t) in fi, i.e. §- t k{t) = T(n k ^).Z(t) and fc(0) = e. For this 
ansatz we have 

^(t) = f (s{h{t)).i{k{t))) =T( / , s(Mt)) ).Tz.^/ C (t) + T(^W)).T S 4/ i (t) 
= T(^ s(Mt)) ).Tz.T(/W).Z(t) + T(^).Ts.T(^).Y(t), 
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and we want this to be 

T(fji 9 W).X(t) = T(n a ^ h ^-< k ^).X(t) = T{^ k ^).T{^ h ^).X{t). 
Using i o /j, k = o % one quickly sees that 

i'.Z{t) := Ad(s(/i(*)) _1 ). (x(t)-T(// a ( h (*)) _1 ).Ts.T(// fc (*)).y(t)) ekerp' 

solves the problem, so G is regular. 

Let now G be regular. If Y e C°°(K, f)), then p o Evol G (s' oY) = Evol H (y), 
since for g := Evol G (s' o Y) we have 

&p(g(t)) = Tp.fait) = Tp.T(^).T e s.Y(t) = 2V<*<*»).Y(f). 

If U e C°°(M, 6), then p o Evol G (z' oU) = Evol H (0) = e so that Evol G (z' o U)(t) E 
i(K) for all t and thus equals z(Evolir(f7)(t)). □ 

5.6. Subgroups of regular Lie groups. Let G and K be Lie groups, let G be 
regular and let % : K — > G be a smooth homomorphism which is initial (see 5.5) 
with T e i = i' : t — > injective. We suspect that X is then regular, but we are only 
able to prove this under the following assumption. 

There is an open neighborhood U C G of e and a smooth mapping 
p : U — > -E into a convenient vector space such that p _1 (0) = K fl t/ 
and p constant on left cosets Kg fl U. 

Proof. For Z G C°°(R,fi) we consider g(t) = Evol G (i' ° Z)(t) e G. Then we have 
■§l(p(g(t))) = Tp.T(/j, 9 ^).i' (Z(t)) = by the assumption, so p(g(t)) is constant 
p(e) = 0, thus <7(t) = i(h(t)) for a smooth curve ft in if, since i is initial. Then 
h = Evol#(y) since i is an immersion, and h depends smoothly on Z since i is 
initial. □ 

5.7. Abelian and central extensions. From theorem 5.5 it is clear that any 
smooth extension G of a regular Lie group H with an abelian regular Lie group 
(K, +) is again regular. We shall describe Evol G in terms of Evol G , EvoIk, and in 
terms of the action of H on K and the cocycle c : H x H — > K if the latter exists. 

Let us first recall these notions. If we have a smooth extension with abelian 
normal subgroup K, 

{e}^K^G^H^{e}, 

then a unique smooth action a : H x K — > K by automorphisms is given by 
i(ah(k)) = s(ft)z(/c)s(/i) _1 , where s is any smooth local section of p defined near h. 
If moreover p admits a global smooth section s : H — > G, which we assume without 
loss to satisfy s(e) = e, then we consider the smooth mapping c : H x if — > K given 
by ic(hi, hz) '■= s(hi).s{h2).s{hi.h2)~ 1 ■ Via the diffeomorphism K x H — > G given 
by (/c, ft) i— > i(k).s(h) the identity corresponds to (0,e), the multiplication and the 
inverse in G look as follows: 



(1) 



J (fci, fti).(/c 2 , ft 2 ) = (fci + a/ufe + c(fti, ft 2 ), ftift 2 ), 
I (fc, ft)" 1 = (-a h -i (fc) - ctft- 1 , ft), ft" 1 ). 
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Associativity and (0, e) 2 = (0, e) correspond to the fact that c satisfies the following 
cocycle condition and normalization 

j a hl (c(h 2 , h 3 )) - c{h\h 2 , h 3 ) + c(hi, h 2 h 3 ) - c{h u h 2 ) = 
U \c(e,e) = 0. 

These imply that c(e, h) = = c(h, e) and ct/ l (c(/i _1 , /i)) = c(h, /i -1 ). For a central 
extension the action is trivial, ah = Id^- for all h G H. 

If conversely H acts smoothly by automorphisms on an abelian Lie group K and 
if c : H x if —> K satisfies (2), then (1) describes a smooth Lie group structure on 
K x H, which is a smooth extension of H over K with a global smooth section. 

For later purposes let us compute 

(0, h 1 ).{0, /is)" 1 = {-a hl {c(h 2 \ h 2 )) + c(h u h^ 1 ), h^ 1 ), 
%i)0* (0,hirl )-(0.^i) = (-T(«* 1 ' h2, ).^ 1 +T(c( ^-^.Y^T^V/u)- 

Let us now assume that K and H are moreover regular Lie groups. We consider 
a curve t h- > = (U(t), Y(t)) in the Lie algebra which as convenient vector 

space equals fi x f). From the proof of 5.5 we get that 

g{t) : = Evol G (U,Y){t) = (0,h{t)).(k{t),e) = (a h(t) {k(t)),h{t)), where 
h{t) : = EvoW(Y)(£) G if, 

(Z(f), 0) : = Ad G (0, /i(t))" 1 ((tf (f), y(t)) - T/i^W)" 1 .^, h(t)j) 

Z(t) = T (a h(t) -i).(u(t) + (T^)- 1 ,^))) _ T(c( ^(f)- 1 ))). »fc(f)), 

fe(t) : = Evoljc(Z)(*) G if. 

5.8. Semidirect products. From theorem 5.5 we see immediately that the 
semidirect product of regular Lie groups is again regular. Since we shall need 
explicit formulas later we specialize the proof of 5.5 to this case. 

Let H and K be regular Lie groups with Lie algebras f) and 6, respectively. Let 
a : H x K — > K be smooth such that a : H — > Aut(-fT) is a group homomorphism. 
Then the semidirect product K x if is the Lie group K x H with multiplication 
(k,h).(k',h') = {k.ah{k'),h.h!) and inverse = (ct^-i (&0 -1 , /i -1 ). We have 

thenT (e)e) (^>')).(t/,Y) = (T(^').U + T(a k ').Y, T(^').Y). 

Now we consider a curve t \— > X(t) = (U(t), Y(t)) in the Lie algebra t x [). Since 
s : /i i— > (e, /i) is a smooth homomorphism of Lie groups, from the proof of 5.5 we 
get that 

g(t) : = Evo\ KxH (U,Y)(t) = (e,h(t)).(k(t),e) = (a h{t) (k(t)),h(t)), where 
h(t) : = Evol H (y)(t) G H, 

(Z(t),0) : = AdK^(e,M*) _1 )(^(*),0) = (T e (a fc(t )-i).*7(*),0), 
fc(t) : = Evo\ K (Z)(t) G if. 
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5.9. Corollary. Let G be a Lie group. Then via right trivialization (n r ,tt g ) '■ 
TG — > g x G the tangent group TG is isomorphic to the semidirect product g x G, 
where G acts by Ad : G — > Aut(g). 

So if G is a regular Lie group, then TG = g xi G is also regular, and Tevol G 
corresponds to evol^ G . In particular for (Y,X) £ C°°(R, g x g) = TC°°(R,q), 
where X is the footpoint, and we have 

evol^ G (y,X) = (Ad(evor G (X)) j\d(Evol r G (X)(s)- l ).Y(s)ds, evol G (X)) 

T x evo\ r G .Y = T(fi evor (x) ). [ Ad(Evol G (X)(s)- 1 ).Y(s)ds 1 

Jo 

T x (Evol G ( )(t)).Y = T(fi Evolr (xm ). f Ad(Eyol r G (X)(s)- 1 ).Y(s)ds, 

Jo 

Note that in the semidirect product representation TG = g x G the footpoint 
appears in the right factor G, contrary to the usual convention. We followed this 
also in Tg = g x g. 

Proof. Via right trivialization the tangent group TG is the semidirect product g x G, 
where G acts on the Lie algebra g by Ad : G — > Aut(g), because by 3.2 we have for 
g,h e G and X, F e g, where /U = \i G is the multiplication on G: 

T (gjh) /j.(R x (g) 1 R Y (h))=T(ij h ).R x (g)+T(ij g ).R Y (h) 

= T(» h ).T(^).X + T{ N ).T^ h ).Y 

= Rx(gh) +RAd(g)Y(h), 

T g u.R x (g) = -T{jJ>~ 1 ).T{ji g -x).T{jJ>).X 

= -RAd( g ~ i )x{g~ 1 ), 

so that we have 

(1) /i B ,G((1, 9), (Y, h)) = (X + Ad(g)Y, gh) 

^ G (X,g) = (-Ad(g- 1 )X,g- 1 ). 



Now we shall prove that the following diagram commutes and that the equations 
of the corollary follow. The lower triangle commutes by definition. 




g x G 



For that we choose X, Y e C°°(R, g). Let us first consider the evolution operator 
of the tangent group TG in the picture g x G. On (g, +) the evolution mapping is 
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the definite integral, so going through the prescription 5.8 for evolve we have in 
turn the following data: 

(2) evol^ G (Y, X) = (h(l), g(l)), where 
g{t): = Evol G {X)(t)eG, 

h (t): = Evo\ (& , +) (Z)(t)= [ Adigiur^.Y^dueg, 

Jo 

h(t) : = Ad(g(t))h (t) = Ad(g(t)) [ Ad(g(u)~ 1 ).Y(u) du e g. 

Jo 

This shows the first equation in the corollary. The differential equation for the 
curve (h(t), g(t)), which by lemma 5.2 has a unique solution starting at (0, e), looks 
as follows, using (1): 

((V(f), h(t)), g'(tj) = T (0 , e) (^' sW) ). ((Y(t), 0), X(tj) 

= (Y(t) + (dAd(X(t)).h(t),0 + Ad(e)./i(t)),T(^ (t) ).X(t)) 

(3) h'(t) = Y(t) + ad(X(t))h(t) 
g'(t)=T(4 t) )X(t). 

For the computation of Tevolg we let 

g(t, s) := evol G (u i-> t(X(tu) + sY(tu))^ = Evol G (X + sY)(t), 
satisfying S r g(d t (t, s)) = X(t) + sY(t). 

Then Tevolc(F, X) = d s \ g(l : s), and the derivative d s \ g(t, s) in TG corresponds 
to the element 

(T{^^~ 1 ).d a \ g(t, s), g(t, 0)) = (S r g(d s (t, 0)), g(t, 0)) G g x G 

via right trivialization. For the right hand side we have g(t, 0) = g(t), so it remains 
to show that 8 r g{d s {t, 0)) = h(t). We will show that 5 r g(d s (t 7 0)) is the unique 
solution of the differential equation (3) for h(t). Using the Maurer Cartan equation 
d5 r g — \ [b r g, S r g] = from lemma 5.1 we get 

d t S r g{d a ) = d s 8 r g{d t ) + d(5 r g)(d t , d s ) + 5 r g([d t , d s ]) 
= d s 8 r g(d t ) + [S r g(d t ),S r g(d s )} & + 
= d s {X(t) + sY(t)) + [X(t) + sY(t),5 r g(d s )] s 

so that for s = we get 

d t 6 r g(d s (t, 0)) = Y(t) + [X(t), 5 r g(d s (t, 0))] a 
= Y(t) + ad(X(t))5 r g(d s (t,0)). 
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Thus 5 r g(d s (t,0)) is a solution of the inhomogeneous linear ordinary differential 
equation (3) as required. 

It remains to check the last formula. Note that X i— > tX(t ) is a bounded linear 
operator. So we have 

Evol r (X)(t) = evol(s i-> tX(ts)), 
T x (Evo\ G ( )(t)).Y — T tX {t )evo£.(ty(t )) 

= T(fi evo r G(t x(t )))-J Ad G (Evor G (tX(t ))( S )" 1 ) .tY(ts) ds 
= T( f i Byo i h{X )(t))-J Ad G (evol G (stX(st .tY(ts) ds 

= T(^ EvorG(x)(t) ).^Ad G (Evor G (x)( s )- 1 ).y( s )^. □ 

5.10. Corollary. For a regular Lie group G the tangent mapping of the exponen- 
tial mapping exp : g — > G is given by: 

T x exp .Y = T e ^xpx. / Ad(exp(-tX))Yeft 

Jo 

= T e/ j expX . [ Ad(exp(tX))Ydt 
Jo 

Remark. This formula was first proved by [6] for Lie groups with smooth exponen- 
tial mapping. If G is a Banach Lie group then we have from 3.7.(4) and 3.8 the 
series Ad(exp(tX)) = fr ac K^0*) so that we get the usual formula 

oo 

T x exp = T e ^ x . (7TT)Tad(AT. 

Proof. Just apply 5.9 to constant curves X, Y G 0. □ 

6. Bundles with regular structure groups 

6.1. Theorem. Let (P, p, M, G) be a smooth (locally trivial) principal fiber bun- 
dle with a regular Lie group as structure group. Let u> G Q 1 (P,g) be a principal 
connection form. 

Then the parallel transport for the principal connection exists, is globally defined, 
and is G-equivariant. In detail: For each smooth curve c : K. — > M there is a unique 
smooth mapping Pt c : R x P c (o) — > P such that the following holds: 

(1) Pt(c,*,u)eP c ( t) , Pt(c,0) = /d Pc(o) , andu(f t Pt(c,t,u)) = 0. 
It has the following further properties: 

(2) Pt(c, t) : P c (o) ~ ¥ Pc(t) is G-equivariant, i.e. Pt(c,t,u.g) = Pt(c,t,u).g holds 
for all g G G and u G P. Moreover we have Pt(c, t)*((x\P c (t)) = Cx\P c (o) 
for all X G 0. 
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(3) For any smooth function f : R — > R we /iawe 
Pt(c,/(t), U ) = Pt(co/,t,Pt(c,/(0),«)). 

(4) T7ie parallel transport is smooth as a mapping 

Pt : C°°(R,M) x (eV0)Mjpopr2) (R x P) - P, 
where C°°(R, M) zs considered as a smooth space, see [A], 1.4-1. 
Proof. For a principal bundle chart (U a , <p a ) we have the data from 4.4 

s a (x) : = ip^-fae), 
u a : = s* a uj, 
uoTfr- 1 ) = (if- 1 )^ G Sl\U a x G-q) 

For a smooth curve c : R — > M the horizontal lift Pt(c, , u) through u G P c (o) is 
given by the ordinary differential equation cu(^ Pt(c, t, it)) = with initial condition 
Pt(c, 0, it) = u, among all smooth lifts of c. Locally we have 

<p a (Pt(c,t,u)) = (c(t) n (t)), 

so that 

= AdfrWMi Pt(c, f , «)) = Ad( 7 (f))(w o T( v? - 1 ))(c'(t), 7 '(f)) 

= Ad( 7 (t))((^ 1 )*a;)(c'(t),y(t)) = a; a ( C '(t)) + T(^)- 1 ) 7 '(t), 

i.e. 7 '(£) = -T(^^).w a (c / (t)), thus 7 (£) is given by 

7 (£) = Evol G (-w Q (c / ))(t). 7 (0) = evol G (s h-> -ta; a (c / (ts))). 7 (0). 

By lemma 5.2 we may glue the local solutions over different bundle charts U a , so 
Pt exists globally. 

Properties (1) and (3) are now clear, and (2) can be checked as follows: The 
condition u)(^Pt(c,t,u).g) = Ad^ -1 )^^ Pt(c, t, u)) = implies Pt(c,t,u).g = 
Pt(c, t, u.g). For the second assertion we compute for u G P c (o) : 

Pt(c,t)*(( x \P c(t) )(u)=TPt(c,t)- 1 ( x (Pt(c,t,u)) 

= TPt(c,t)- 1 ^| Pt(c,t, W ).exp( S X) 

= T Pt(c, *) _1 £|o Pt(c, £, u. exp(sX)) 

= f s | Pt(c,t)- 1 Pt(c,t,w.exp(sX)) 

= £| 'U.exp(sA A ) = Ca-(w)- 

(4). It suffices to check that Pt respects smooth curves. So let (f,g) ' R — > 
C°° (R, M) x m P C C°° (R, M) x P be a smooth curve. By cartesian closedness of 
smooth spaces (see [4], 1.4.3) the smooth curve / : R — > C°°(R, M) corresponds to 
a smooth mapping / G C°°(R 2 , M). For a principal bundle chart (t/ Q , (p a ) as above 
we have <p a (Pt(/(s), t, g(s))) = (/(s)(t), 7 (s, t)), where 7 is the evolution curve 

7 (s,t) = Evol G (-a; a (f /(s, <p a (g(s)), 

which is clearly smooth in (s,t). □ 
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6.2. Theorem. Let (P, p, M, G) be a smooth principal bundle with a regular Lie 
group as structure group. Let u G Q 1 (P,g) be a principal connection form. If 
the connection is fiat, then the horizontal subbundle H W (P) := ker(oj) C TP is 
integrable and defines a foliation. 

If M is connected then each leaf of this horizontal foliation is a covering of M . 
All leafs are isomorphic. 

By standard arguments it follows that the principal bundle P is associated to 
the universal covering of M viewed as a principal fiber bundle with structure group 
the (discrete) fundamental group tti(M). 

Proof. Let (U a ,u a : U a — > u a (U a ) C E a ) be a smooth chart of the manifold 
M and let x a G U a be such that u a (x a ) = and the c°°-open subset u a {U a ) 
is disked in E a . Let us also suppose that we have a principal fiber bundle chart 
(U a , <p a : P\U a — > U a x G) . We may cover M by such U a . 

We shall now construct for each w a G P Xa a smooth section ip a : U a — > P whose 
image is an integral submanifold for the horizontal subbundle ker(u). Namely, for 
x G U a let c x (t) := w~ 1 (tw a (x)) for t G [0, 1]. Then we put 



We have to show that the image of Tip a is contained in the horizontal bundle 
ker(o;). Then we get T x ip a = Tp\H ul (p)^ ) 1 ^ x y This is a consequence of the following 
notationally more suitable claim. 

Let h : M 2 — * U a be smooth with h(0, s) = x a for all s. 
Claim: -^\Pt(h(., s), 1, w a ) is horizontal. 

Let tpct(wa) = (x a , g a ) G U a x G. Then from the proof of theorem 6.1 we know 
that 



if> a (x) := Pt(c x , l,w a ). 



<p a Pt(h( ,s),l,w a ) 



(h(l,s),^(l,s)), where 
l(t,s).g a 




u a = s* a u, s a (x) = (p a 1 (x,e). 
Since the curvature O = dw + uj] a = we have 

d s (h*U a )(d t ) = dt^U^ds) - d(h*U a )(d t ,d s ) - (h*U a )([d U d s }) 

= d t {h*u a ){d s ) + [{h*u a ){d t ), (h*u, a ){d s )} - 0. 
Using this and the expression for Tevolc from 5.9 we have then: 



^7(l»s) = 2 1 -(h' Wa )(a t )( , s) evol G .(-<9 s (/i*u; Q )(<9t)( ,sfj 
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Next we integrate by parts, use 3.9.(3), and K l (d t ^{t, s) 
follows from 5.2. 



(h*u a )(d t )(t,s) which 



Adtf(t,s)- 1 )d t (h*uj a )(d s )dt = 

(d t Adm, s)" 1 )) (h*w a )(d a ) dt + Ad(7(t, s)- 1 )^*^)^) 
Ad(7(t, sy^-adftdttfit, s)" 1 )) .(h*oj a )(d 8 ) dt 



t=i 



t=o 



f Adm,s)- L )(h*u a )(d s )(l,s) -0 

Ad(7(t, s)- 1 ).ad((/i^ Q )(c>i)).(^ Q )(c> s ) dt 

+ Ad(7(i,s)- 1 )(^ a )(a s )(i, s ), 

so that finally 

&7(1, *) = -T(^ (1 , s) ).Ad(7(l, s)- 1 )^)^)^, a) 

= -T(^ s )).(ra; Q )(a s )(l, S ), 
9 7 (l,s) = T(^).^7(l, S ) 



9s 



= -T(/i 7(1)S) ).Ad( 7 (l, S )- 1 )(/i*w a )(c> s )(l, s) 



u/(& Pt(fc( , *), 1, u; a )) = S ), f 7 (1, *)) 

= Ad( 7 (l, s^Kd^l, «)) " Ad( 7 (l, s)- 1 )^)^)!!, S ) = 0, 

where in the end we used 4.4.(6). So the claim follows. 

By the claim and by the uniqueness of parallel transport 6.1.(1) for any smooth 
curve c in U a the horizontal curve ip a (c(t)) coincides with Pt(c, t, ip a (c(Q))). More- 
over U a x G is G-equivariantly diffeomorphic to p~ l {U a ) via (x,g) h- > ip a (x).g. 

To finish the proof we may now glue overlapping right translations of ip a (U a ) to 
maximal integral manifolds of the horizontal subbundle. As subset such an integral 
manifold consists of all endpoints of parallel transports of a fixed point. These are 
diffeomorphic covering spaces of M via right translations. □ 

It is not clear, however, that the integral submanifolds of the theorem are initial 
submanifolds of P, or that they intersect each fiber in a totally disconnected subset, 
since M might have uncountable fundamental group. 

6.3. Holonomy groups. Let (P, p, M, G) be a principal fiber bundle with regular 
structure group G so that all parallel transports exist by theorem 6.1. Let $ = Qou 
be a principal connection. We assume that M is connected and we fix x G M. 

Now let us fix uq G P Xo . Consider the subgroup Hol(u;, uo) of the structure group 
G which consists of all elements t(uo, Pt(c, t, uq)) G G for c any piecewise smooth 
closed loop through xq. Reparametrizing c by a function which is flat at each corner 
of c we may assume that any c is smooth. We call Hol(a;, uq) the holonomy group 
of the connection. If we consider only those curves c which are nullhomotopic, we 
obtain the restricted holonomy group Ho1q(cu, xq), a normal subgroup in Hol(a>, uq). 
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Theorem. 1. We have Hol(c<;, u .g) = coring 1 ) Hol(a;, u ) and 
Hol (w, u .g) = conj^ -1 ) Hol (cu, u ). 

2. For each curve c in M with c(0) = xq we have Hol(o;, Pt(c, t, uo)) = Hol(o;, uo) 
and Holo(u;, Pt(c, t, uo)) = Holofw, uo) ■ 

Proof. 1. This follows from the properties of the mapping r from 4.1 and from the 
from the G-equi variance of the parallel transport: 

r(u .g, Pt(c, 1, u .g)) = t(u , Pt(c, 1, u ).g) = g~ l .r(u , Pt(c, 1, u )).g. 

2. By reparameterizing the curve c we may assume that t = 1, and we put 
Pt(c, 1, uo) =: u\. Then by definition for an element g G G we have g G Hol(o;, u\) 
if and only if g = r(tti,Pt(e, l,iti)) for some closed smooth loop e through xi := 
c(l) =p(«i), i. e. 

Pt(c, l)(r 3 (w )) = r ff (Pt(c, l)(u )) = u l9 = Pt(e, l)(Pt(c, l)(u )) 

wo<7 = Pt(c, l)" 1 Pt(e, 1) Pt(c, l)(u ) = PtCccc" 1 , 3)(u ), 

where c.e.c -1 is the curve travelling along c(t) for < t < 1, along e(t — 1) for 
1 < £ < 3, and along c(3 — t) for 2 < t < 3. This is equivalent to g G Hol(u;,ito). 
Furthermore e is nullhomotopic if and only if c.e.c -1 is nullhomotopic, so we also 
have Holo(cu, u\) = Holo(c<;, uo). □ 

7. Rudiments of Lie theory for regular Lie groups 

7.1. From Lie algebras to Lie groups. It is not true in general that every 
convenient Lie agebra is the Lie algebra of a convenient Lie group. This is wrong 
for Banach Lie algebras and Banach Lie groups, one of the first examples is from 
[3], see also [7]. 

To Lie subalgebras in the Lie algebra of a Lie group do not correspond Lie 
subgroups in general, see the following easy example: 

Let g C X C (M 2 ) be the closed Lie subalgebra of all vector fields with compact 
support on R 2 of the form X(x, y) = f(x, y)-§^ + g(x, y)-§^ where g vanishes on the 
strip < x < 1. 

Claim. There is no Lie subgroup G of Diff(R 2 ) corresponding to q. 

If 67 exists there is a smooth curve 1 1— > f t g G C Diff c (IR 2 ) such that the smooth 
curve Xt := (~§ift) ° ff 1 in has the property that Xq = f where / = 1 near 
0. But then f t moves the strip to the right for small t, so g is not invariant under 
Ad G (/t) = /*, a contradiction. 

So we see that on any manifold of dimension greater that 2 there are closed Lie 
subalgebras of the Lie algebra of vector fields with compact support, which do not 
admit Lie subgroups. 

Note that this example does not work for the Lie group of real analytic diffeo- 
morphisms on a compact manifold, see [9]. 

7.2. Let G be a connected Lie group with Lie algebra g. For a smooth mapping 
/ : M — > G we considered in 5.1 the right logarithmic derivative S r f G 1 (M;g) 
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which is given by 8 r f x := T(/jf^ ) oT x f : T X M -> T f(x) G -> g and which satisfies 
the left (from the left action) Maurer-Cartan equation 

M r f-\[S r f,S r f\* A = 0. 

Similarly the left logarithmic derivative 5 l f G 1 (M; g) of / G C°°(M, G) was given 
by S l f x := T(fif( x )-i) o T x / : T X M — > Tf^G — > and satisfies the right (from the 
right action) Maurer Cartan equation 

For regular Lie groups we have the following converse: 

Theorem. Let G be a connected regular Lie group with Lie algebra g. 

If a 1-form <p G Q 1 (M;g) satisfies dip — <p] a = then for each simply 
connected subset U C M there exists a smooth mapping f : U — > G with 5 r f = <p\U , 
and f is uniquely detemined up to a right translation in G. 

If a 1-form ip G 1 (M;g) satisfies dtp + ^[ip,ip] A = then for each simply 
connected subset U C M there exists a smooth mapping f : U — > G with S f = ip\U , 
and f is uniquely determined up to a left translation in G. 

The mapping / is called the left developping of <p, or the right developping of ip, 
respectively. 

Proof. Let us treat the right logarithmic derivative since it leads to a principal con- 
nection for a bundle with right principal action. For the left logarithmic derivative 
the proof is similar, with the changes described in the second part of the proof of 
5.1. 

We put ourselves into the situation of the proof of 5.1. If we are given a 1-form 
(f G Q}(M ; g) with d(p—^[ip, ip] A = then we consider the 1-form u r G O^MxG; g), 
given by the analogon of 5.1.(1), 

(1) u r = k 1 - (Ad o lnv).ip 

Then u r is a principal connection form onAfxG, since it reproduces the generators 
in g of the fundamental vector fields for the principal right action, i.e. the left 
invariant vector fields, and u r is G-equi variant: 

{{n 9 Yu r ) h = co r hg o (Id x 2V)) = T(/i fl -i. fc -i).2V) - AdOr 1 ./*" 1 ).^ 
= AdQr 1 ).^. 

The computation in 5.1.(3) for ip instead of 5 r f shows that this connection is flat. 
Since the structure group G is regular, by theorem 6.2 the horizontal bundle is 
integrable, and pri : M x G — » M, restricted to each horizontal leaf, is a covering. 
Thus it may be inverted over each simply connected subset U C M, and the inverse 
(Id, f) : U — > M x G is unique up to the choice of the branch of the covering, and 
the choice of the leaf, i.e. / is unique up to a right translation by an element of G. 
The beginning of the proof of 5.1 then shows that 5 r f = (p\U. □ 
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7.3. Theorem. Let G and H be Lie groups with Lie algebras g and \), respectively. 
Let f : g — > f) be a bounded homomorphism of Lie algebras. If H is regular and if 
G is simply connected then there exists a unique homomorphism F : G — > H of Lie 
groups with T e F = f . 

This theorem is the main result in [16], the proof there uses related methods. 

Proof. We consider the 1-form 

where k t is the right Maurer Cartan form from 5.1. It satisfies the left Maurer 
Cartan equation 

<ty - §[V>, V* = d(f O K r ) - §[/ O K r , f O K r }\ 
= fo(dK r -±[K r ,K r }%)=0, 

by 5.1.(2'). But then we can use theorem 7.2 to conclude that there exists a unique 
smooth mapping F : G — * H with F(e) = e and whose right logarithmic derivative 
satisfies 5 r F = ip. For g E G we have (p, 9 )*ip = ip, thus also 

5 r (F o fi9) = 5 r F o T(/j 9 ) = = V- 

By uniqueness in theorem 7.2 again the mappings F o /j, 9 , F : G — > H differ only 
by right translation in H by (F o /J 9 )(e) = F(g), so that F o fj, 9 = jj F ( 9 ^ o F, or 
F(g. 9l ) = F(g).F( gi ). This also implies F(g).F(g- 1 ) = F^g.g- 1 ) = F(e) = e, so 
that F is the unique homomorphism of Lie groups we looked for. □ 

7.4. Theorem. For a regular Lie group G we have 

evor(X).evor(T) = evol r (t i-> X(t) + Ad G (Evol r (X)(t)).T(t)) , 
evor(X)- 1 =evor(t ^ -Ad G (Evol r (X)(t)- 1 ).X(t)), 

so that evol r : C°° (R, q) ^ G is a surjective smooth homomorphism of Lie groups, 
where on C°°(R, g) we consider the operations 

(X * Y)(t) = X(t) + Ad G {Evol r {X){t)).Y(t), 
X-\t) = -Ad G (Evol r (X)(t)- 1 ).X(t). 

With this operations and with as unit element (C°°(R, £(),*) becomes again a 
regular Lie group. Its Lie algebra is C°°(R, g) with bracket 



[X, y]c~(K, fl )(*) 



X(s)ds,Y(t) 



+ 



X(t), I Y(s)ds 
o 



d_ 

dt 



[ X(s)ds, [ Y(s)ds 
Jo Jo 
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Its evolution operator is given by 



evol (Coo(Mj0) ,*)(X) : = Ad G (evol G (y s )). / Ad G (Evol G (y s )(t;)- 1 ).X(^)( S ) dv, 

Jo 

Y s (t) : = [ X{t){u)du. 



Proof. For X, Y G G°°(R, g) we compute 

f (Evor(x)(t).Evof(y)(t)) = 

= T(^ ir (nW ) . T(M Evor(i)( t))J(f) + T (^ Evor(x)(t) ).T(^(^)W).y(t) 

= T ( /U Evor ( x )W- Evor ^)W).(X(t) + Ad G (Evol r (A)(t))y(t)), 

which implies also 

Evor(X).Evol r (y) = Evol r (A * Y), Evol(A)" 1 = Evo^A" 1 ). 

Thus Evol : G°°(R, g) — > G°°(R, G) is a group isomorphism onto the subgroup {c G 
G°°(R, G) : c(0) = e} of G°°(R, G) with the pointwise product, which, however, 
is only a smooth space, see [4], 1.4.1. Nevertheless it follows that the product on 
G°° (R, g) is associative. It is clear that these operations are smooth, so that the 
convenient vector space G°° (R, g) becomes a Lie group; and G°° (R, G) becomes a 
manifold. 

Now we aim for the Lie bracket. We have 
(X*Y *X~ 1 )(t) = (jx + Ad(Evol r (A)).y) * ^-Ad(Evol r (X)- 1 ).X^(t) 

= X{t) + Ad(Evol r {X)(t)).Y{t)- 
- Ad(Evol r (A * Y)(t)}.Ad(Evol r {X)(t)- i yx(t) 

= X(t) + Ad(Evol r (X)(t)yY(t)- 

-Ad(Evor(x)(t)).Ad(^Evor(y)(t)).Ad(^Evor(x)(t)- 1 ).x(t). 

We shall need 

T (Ad G (Evor( )(t))).y = T e Ad G .T (Evor( )(t)).Y 

= ad fl (^ by 5.9. 

Using this we can differentiate the conjugation, 

(Ad G oc (Kjfl) pr).y)(t) = (t (x * ( ) * x-^.y)^) 

= + Ad(Evol r (A)(t)).y(t)- 

- Ad(Evor(X)(t)).(T (Ad(Evor( )(t))).y).Ad(Evol r (X)(t)- 1 ).X(t) 
= Ad(Evol r (X)(t)).y(t)- 

-Ad(Evor(X)(t)).ad 8 (jT y(s)rfs).Ad(Evor(X)(t)- 1 ).X(t) 
= Ad(Evoi r (X)(t))y(£) -ad fl .(Ad(Evor(A)(t)). / y(s) cte).A(t). 
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Now we can compute the Lie bracket 



[X,Y] Coc{RjS) (t) = ^T (Ad C oo CR>B) ( ).Y).X)(t) 

= T (Ad(Evol r ( -0 - [Ad(Evol r (0)(t)).^ Y (s) ds , X (*)] 



ds,y(t) 



ds,y(t) 



y(s) ds,X(£) 



+ 



x(t), / y(s)rfs 





J 



d_ 

dt 







t /-t 

X(s)ds, / y(s)rfs 
io 



Now we show that the Lie group (C°°(R, g), *) is regular. Let X G C°°(K, C°°(R, g)) 
correspond to I 6 C°°(M 2 ,£j). We look for g e C°°(IR 2 ,g) which satisfies the 
equation 5.3.(1): 

^(t, )(y)( s ) = (y ))( s ) = Y(s)+Ad G (Evo\ G (Y)( S )).g(t,s) 

J^(M)=(W (t ' ))(,) 
= X(M) + (T (Ad G (Evol G ( 
= X(£, s) + ad (^y X(t,u)du}.g{t, s) 



X(t,s)+ / X(t,u)du),g(t,s) 
'o 



This is the differential equation 5.9.(3), depending smoothly on a further parameter 
s, which has the following unique solution which is given by 5.9.(2) 

g(t,s) : = Ad G (Evol G (y s )(t)). f kd G {Vvo\ G {Y s ){v)- l ).X{v, s) dv 

Jo 



Y s (t) 



X(t, u)du. 



Since this solution is visibly smooth in X, the Lie group C°°(R, g) is regular. For 
convenience (yours, not ours) we show now (once more) that this is a solution. 
Putting Y s (t) := f° X(t, u)du we have by 3.9.(3) 



= rfAd(^Evol(y s )(t)). / Ad(Evo\(Y s )(v)- 1 ).X(v,s)dv 

Jo 

+ Ad(Evol(y s )(t)).Ad(Evol(y s )(t)- 1 ).X(t, s) 
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= ((ad o K r ).Ad) (T(^ Evol ( yS) W).y s (t)) . J Ad(Evol(y s )(z;)- 1 ).X(z;, s) dv 
+ X(t,s) 

= ad(y s (t)).Ad(Evol(y s )(t)). / Ad(Evo\(Y s )(v)- 1 ).X(v,s)dv + X(t,s) 

Jo 

= / X(t,u)du),g(t,s)] +X(t,s). □ 

7.5. Corollary. Let G be a regular Lie group. Then as smooth spaces and groups 
we have the following isomorphims 

(G°°(R, q), *) x G = {/ G G°°(R, G) : /(0) = e} x G = G°°(R, G), 

where g G G acte on / fry (a g (f))(t) = g.f{i).g~ l , and on X G C°°(R, £)) fry 
Q! g (X)(t) = Ado{g){X(t)). The leftmost space is a smooth manifold, thus all spaces 
are regular Lie groups. 

For the Lie algebras we have an isomorphism 

C°°(R,q) x d ^C°°(R,Q), 

(X,rj) ^ (t^ rj + J X(s)ds S j 
(Y',Y(0))<-Y 
where on the left hand side the Lie bracket is given by 
[(X ll r 11 ),(X 2 , m )} = 

= (f -> [J^X 1 (s)ds 1 X 2 (t)] & + [*!(*) J*X 2 (s)ds] a + [ V uX 2 (t)] 9 - [m.X^ 

and where on the right hand side the bracket is given by 

[X,Y]{t) = [X(t),Y{t)] B . 
On the right hand sides the evolution operator is given by 

Evol^ (R5G) =G°°(R,Evol^). 

7.6. Remarks. Let G be a connected regular Lie group. The smooth homomor- 
phism evolg : G°° (R, q) — > G admits local smooth sections. Namely using a smooth 
chart near e of G we can choose a smooth curve c g : R — > G with c g (0) = e and 
c g (l) = o, depending smoothly on o, for g near e. Then s(g) := 5 r c g is a local 
smooth section. We have an extension of groups 



evolg 



-> K -> G°°(R, ) ^ G -> {e} 
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where K = ker(evol G ) is isomorphic to the smooth group {/ G G°°(R, G) : f(0) = 
e, /(l) = e} via the mapping Evol G . We do not know whether K is a sub manifold. 

Next we consider the smooth group C°°((S' 1 , 1), (G, e)) of all smooth mappings 
/ : S 1 — > G with /(l) = e. With pointwise multiplication this is a splitting 
closed normal subgroup of the regular Lie group C°°(S 1 ,G) with the manifold 
structure described in [10] and [12]. Moreover C° (S 1 , G) is the semidirect product 
C°°((S\ 1), (G, e)) xi G, where G acts by conjugation on G°°((S\ 1), (G, e)). So by 
theorem 5.5 the subgroup G°°((5' 1 , 1), (G, e)) is also regular. 

The right logarithmic derivative 5 r : C°°(S 1 ,G) — ► G oo (S' 1 ,0) restricts to a 
diffeomorphism G°°((S' 1 , 1), (G, e)) -»■ ker(evol G ) C C 00 ^ 1 , fl), thus ker(evol G : 
C°°(S 1 , q) — > G) is a regular Lie group isomorphic to G°°((5 1 , 1), (G, e)). It is also 
a subgroup (via pullback by the covering mapping e 27Tlt : M. —>■ S 1 ) oi the regular 
Lie group (G°°(R, q), *). Note that C°°(S 1 ,g) is not a subgroup, it is not closed 
under the product *, if G is not abelian. 
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